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Abstract—In this paper, we review the sequential slotted
amplify-decode-and-forward (SADF) protocol with half-duplex
single-antenna and evaluate its performance in terms of pairwise
error probability (PEP). We obtain the PEP upper bound of the
protocol and find out that the achievable diversity order of the
protocol is two with arbitrary number of relay terminals. To
achieve the maximum achievable diversity order, we propose a
simple precoder that is easy to implement with any number of
relay terminals and transmission slots. Simulation results show
that the proposed precoder achieves the maximum achievable
diversity order and has similar BER performance compared to
some of the existing precoders.
I. INTRODUCTION
In cooperative communication systems, different terminals
collaborate to form a virtual-multiple antenna array system
and exploit the spatial diversity to achieve a better per-
formance [1]. Cooperative communication protocols can be
generally categorized into amplify-and-forward (AF) protocol
and decode-and-forward (DF) protocol and are often compared
using the trade-off measurement between the error probability
and the data rate of a multiple-input multiple-output (MIMO)
network known as diversity-multiplexing trade-off (DMT).
Both nonorthogonal amplify-and-forward (NAF) and dynamic
decode-and-forward (DDF) protocols fail to achieve high
diversity gain in the high multiplexing gain regime, due to the
fact that half of the source signal is not forwarded by the relays
[2]. To mitigate this problem, the authors proposed a new
AF protocol known as the slotted amplify-and-forward (SAF)
protocol and demonstrated that it achieves the multiple-input
single-output (MISO) bound when the number of transmission
slots goes to infinity. The authors subsequently extended the
SAF protocol to sequential-SAF, where only one relay is
permitted to forward an amplified signal to the destination
during each transmission slot. Under the assumption of relay
isolation, the sequential-SAF achieves the DMT upper-bound
of SAF with arbitrary number of transmission slots.
The sequential-SAF protocol demonstrated a superior per-
formance with the assumption of isolated relays. The optimum
performance of the sequential-SAF protocol is achievable
without the assumption of isolated relays [3]; however the
decoding complexity is prohibitive for increased number of
transmission slots. The authos subsequently proposed a two-
relay (M + 2)-slot sequential-SAF (two-path relaying) with
inter-relay interference (IRI) cancellation and achieves the
diversity order of three. On the other hand, the authors in [4]
proposed opportunistic DF (ODF) protocol, where it requires
the n-th relay to listen for n slots to decode the n-th signal
for achieving the DMT upper bound of N -relay (N + 1)-slot
sequential-SAF DMT bound without relay isolation model.
Recently in [5], the authors proposed the sequential slot-
ted amplify-decode-and-forward (SADF) protocol, where it
achieves the performance of N -relay (M + 1)-slot sequential-
SAF with partial isolated relay model.
The above-mentioned protocols were evaluated with the
fundamental measurement between the maximum achievable
diversity order and maximum throughput. However the achiev-
able diversity order of the protocol still remains unknown.
The authors in [6] proposed a union bound calculation of the
error probability called the pairwise error probability (PEP)
and derive two fundamental design criteria to maximise the
achievable diversity order and the coding gain. In [7], the
authors derived the PEP of the two-path relaying network and
showed that the achievable diversity order of the protocol is
two. In order to achieve the maximum achievable diversity
order, the transmitted signals have to be different by at least
two symbols. One solution is to design the space-time codes or
precoders for the cooperative protocol to disperse the original
transmitted signal. In [8], [9], the authors proposed orthogonal-
AF protocol with orthogonal space-time block codes for
arbitrary number of relays. On the other hand, the authors
in [10], [11] proposed the precoder for the NAF protocol
using the algebraic space-time design [12] to achieve the
maximum achievable diversity order. However the above-
mentioned coding and precoding design are proposed based
on orthogonal or non-orthogonal AF protocol. Recently in
[7], the authors proposed a precoder using a complex unitary
matrix that satisfy [7, Theorem 1] for achieving the maximum
achievable diversity order.
In this paper, we review the sequential-SADF protocol [5]
with N number of single-antenna half-duplex relay terminals.
We assume that the protocol deploys the scheduling proposed
in [13] with the partial isolated relay model, which is shown
in Fig. 1. We first derive the pairwise error probability (PEP)
of the N -relay M -slot sequential-SADF protocol. With the
PEP upper-bound of the protocol, we find that the achievable
diversity order of the protocol with N number of relay termi-
nals is two. We propose a simple precoder for the protocol to
achieve the maximum achievable diversity order of N+1. The
proposed precoder is easy to generate and is able to work with
arbitrary number of relay terminals and transmission slots.
Simulation results show that the proposed precoder has similar
Fig. 1. System model of the sequential-SADF with scheduling strategy
proposed in [13]. The order of the relay terminals are indicated by numbers.
BER performance compare to some of the existing precoder.
The rest of the paper is organized as follows: The system
model and the transmission sequences of the sequential-SADF
protocol are reviewed in Section II. In Section III we derive the
pairwise error probability of the sequential-SADF and propose
a precoder design to achieve the maximum achievable diversity
order in Section IV. The simulation results are presented in
Section V, whereas Section VI concludes the paper.
II. BACKGROUND
A. System Model
Consider a cooperative relaying network where the source
information bits are modulated and divided into M symbols
which are to be transmitted from the source s to the destina-
tion d with the assistance of the N relays. Without loss of
generality, we presume that one symbol is transmitted during
each transmission slot, xi, for i = 1, · · · ,M , and M is
even. The total number of transmission slot is M + 1, where
one additional slot is added at the end of the transmission
sequence for the relay to forward the last symbol and thus a
multiplexing gain of MM+1 is achieved. The power allocation
of s and r for mth slot are denoted by pim and p¯im and satisfy∑M+1
m=1 (pim + p¯im) = M .
The physical links between terminals are slowly faded and
are modelled as independent quasi-static fading channels, i.e.,
the channel gains do not change during the transmission of
a cooperative frame. The channel gain between s and d is
denoted by hs,d. Similarly, hs,n and hn,d, respectively denote
the channel gain between s and rn and the ones between rn and
d, for n = 1, · · · , N . γi,j denotes the channel gain between ri
and rj , for i, j ∈ {1, · · · , N}. The channel gains between all
the terminals are modelled as i.i.d complex Gaussian random
variable with zero mean and unit variance.
For the case of exposition and practical relevance, we
assume that each terminal is installed with half duplex single
antenna that can either transmit or receive signals at any given
time. However, the result presented in this paper can easily
be extended to the case where terminals have multiple and/or
full duplex antennas. Throughout the paper, we assume perfect
synchronization between all the transmitting terminals during
each transmission slot.
B. Transmission Sequence
Let us assume that there are N = NA+ND relays, where NA
denotes the number of relays which amplify-and-forward (AF)
the received signal, xi, for i = 1, 3, · · · ,M − 1, to d, and ND
denotes the number of relays which decode-and-forward (DF)
the received signal, xi′ , for i′ = 2, 4, · · · ,M , respectively.
For DF relays, given that L = M2ND , where L being any
positive integer, decode the received signals and forward to
the destination in round robin manner, ri = r2lND+i, where
l ∈ [1, L− 1] being any positive integer. For AF relays, given
that L′ = M2NA , where L
′ being any positive integer, the relays
amplify the received signal and forward to the destination in
round robin manner, ri′ = r2l′NA+i′ , where l
′ ∈ [1, L′ − 1]
being any positive integer. For simplicity, we assume that
ND = NA =
N
2 and N is an even integer.
With the transmission sequence of the sequential-SADF
protocol shown above, we can now conveniently characterize
the baseband-equivalent channel model using a time division
notation. For i = 1, 3, · · · ,M + 1, the received signals at ri
and d can be modelled as
yr,i =
√
pii SNRhs,ixi +
√
p¯ii SNRγi−1,ibi−1yr,i−1 + nr,i
yd,i =
√
pii SNRhs,dxi +
√
p¯ii SNRhi−1,dbi−1yr,i−1 + nd,i
where we set p¯i1 = 0 and piM+1 = 0. bi denotes the scaling
factors and can be expressed as
bi =
√
1
SNR(pii + p¯ii) + 1
.
For i′ = 2, 4, · · · ,M , ri′−1 decodes the received signal only
if it is not an outage, i.e.
log
(
1 +
pii′−1 SNRhs,i′−1
1 + p¯ii′−1 SNR |bi−1γi′−2,i′−1|2
)
> r, (1)
and transmits the encoded signal during i′-th time slots. log(·)
denotes the logarithm base two. The received signals of d and
ri′ can be modelled as
yr,i′ =
√
pii′ SNRhs,i′xi′ +
√
p¯ii′ SNRγi′−1,i′xi′−1 + nr,i′
yd,i′ =
√
pii′ SNRhs,dxi′ +
√
p¯ii′ SNRhi′−1,dxi′−1 + nd,i′
where we set p¯ii′ = 0 if ri′−1 is outage.
Fig. 2 shows the transmission sequence of the sequential-
SADF with all the DF relays are not outage. Solid box denotes
transmitted symbols and dashed box denotes received symbols.
III. DIVERSITY ANALYSIS
Without loss of generality, we assume that the cooperative
relaying network applied the scheduling strategy proposed
in [13] and [5] and all the DF relays are able to decode
the received signal perfectly. Using the baseband-equivalent
channel model from previous section, the equivalent received
signal model at the destination can be expressed as
y =
√
SNRXh + Bnr + nd, (2)
where y = [yd,1 · · · yd,M+1]T denotes the received signal
vector at d. nr and nd denote the size M and M + 1 i.i.d
Fig. 2. Transmission sequence of the sequential-SADF protocol with perfect partial relay isolation model. Solid box denotes transmitted symbols and dashed
box denotes received symbols.
additive white Gaussian noise vectors with zero mean and unit
variance. B denotes the (M + 1)×M forward noise matrix.
h denotes the size 3N2 + 1 channel vector:
h =

hs,d
h1,d
b2hs,2h2,d
...
hN−1,d
bNhs,NhN,d
b2hs,1γ1,2h2,d
b4hs,3γ3,4h4,d
...
bNhs,N−1γN−1,NhN,d

(3)
X denote the (M +1)× ( 3N2 +1) transmitted signal matrix
and can be expressed as
X =

x1 0 0 . . . 0 0 . . . 0
x2 x1 0 . . . 0 0
. . . 0
x3 0 x2 . . . 0 x1 . . . 0
x4 0 0
. . . 0
. . . . . .
...
...
...
...
. . .
...
...
. . . 0
xN+1 0 . . . 0 xN 0 . . . xN−1
xN+2 xN+1 . . . 0 0 0 . . . 0
...
...
...
...
...
...
...
...
xM 0 . . . xM−1 0 0 . . . 0
0 0 . . . 0 xM 0 . . . xM−1

where the power allocation term have been ignored since it
does not impact the PEP computation. To be more precise,
we provide an illustrative example in Appendix A for the
transmitted signal of the four-relay eight-slot sequential-SADF
protocol.
A. Pairwise Error Probability
In this subsection, we derive the pairwise error probability
of the sequential-SADF protocol. From (2), we can rewrite the
equivalent received signal model as
y =
√
SNRXh + n,
where n = Bnr + nd. Assume that the destination node, d
has perfect knowledge of the channel state information h, the
PEP is given by
P (X→ X˜|h) = Q
(√
SNR
2Σn
‖X∆h‖2F
)
=
1
pi
∫ pi/2
0
exp
(
−SNR ‖X∆h‖
2
F
4Σn sin
2 θ
)
dθ,
where X∆ =
(
X− X˜
)
. X and X˜ (X 6= X˜) are two
possible codewords for the transmitted signal matrix. Q(x) =
1
pi
∫ pi/2
0
exp(− x2
2 sin2 θ
)dθ is the Gaussian error function. Σn
denotes the covariance matrix of the additive noise vector,
Σn = B
†B + IM+1. Note that Σn is not diagonal matrix in
general. However the upper bound can be found easily with
Σn ≤ Tr(Σn)IM+1 [7]. Let ρ = SNR /Tr(Σn) and θ = pi/2,
the PEP of the sequential-SADF is upper bounded by
P (X→ X˜|h) ≤ 1
2
exp
(ρ
4
h†X†∆X∆h
)
. (4)
To compute the average PEP, we can further rewrite the
channel matrix h in (3) as h = FTg where
F = diag
(
1 1 b2hs,2 1 · · · bNhs,N−1γN−1,N
)
g =
[
hs,d h1,d · · · hN,d
]
. (5)
T denotes a ( 3N2 + 1)× (N + 1) matrix and can be expressed
as
T =
[
IN+1
T˜
]
(6)
where T˜ is a N2 × (N + 1) matrix
T˜ =

0 0 1 0 0 0 . . . 0
0 0 0 0 1 0 . . . 0
...
...
...
. . .
...
0 . . . 0 1 0 0
0 . . . 0 0 0 1
 . (7)
Since the element of g are i.i.d complex Gaussian distribu-
tion, the average PEP of the sequential-SADF can be expressed
as
P (X→ X˜) ≤ 1
2
Eh
[
exp
(ρ
4
h†X†∆X∆h
)]
≤ 1
2
EF
[
det−1
(
IM+1 +
ρ
4
T†F†X†∆X∆FT
)]
where det−1(·) = 1/ det(·). Ex[·] denotes the expectation of a
random variables x. Let Λ = X∆FT and λi be the i-th non-
zero eigenvalue of Λ, the PEP upper bound can be reduced
to
P (X→ X˜) ≤ 1
2
EF
[
det−1
(
IM+1 +
ρ
4
Λ†Λ
)]
≤ 1
2
(
1 +
ρ
4
)−d( d∏
i=1
λi
)−1
, (8)
where d denote the rank of the Hermitian matrix Λ†Λ.
B. Remark
1) Maximum Achievable Diversity Order: The maximum
achievable diversity order is determine by the maximum rank,
dˆ, of the matrix Λ†Λ. From above, it is easy to find that the
size of the matrix Λ is (M + 1) × (N + 1). The maximum
rank of the Hermitian matrix Λ†Λ can be expressed as
dˆ = max
X∆
{
rank(Λ†Λ)
}
= min{M,N}+ 1. (9)
Note that from the transmission sequence in Section II, M
is always greater than N , thus we can conclude that the
maximum achievable diversity order of the N -relay M -slot
sequential-SADF protocol is dˆ = N + 1.
2) Achievable Diversity Order: From [6], the achievable
diversity order of the sequential-SADF can be defined as
d , min
X∆
{
rank(Λ†Λ)
}
= min
X∆
{
rank
(
T†F†X†∆X∆FT
)}
,
where rank
(
T†F†X†∆X∆FT
)
can be upper bound by
rank
(
T†F†X†∆X∆FT
)
≤ min {rank(X∆), rank(F), rank(T)}
From (5) and (6), it is not hard to find that F and T have the
minimum rank of N + 1 since both of the matrices contain a
size N + 1 diagonal matrix. Thus we can further reduce the
achievable diversity order of the sequential-SADF to
d ≤ min
X∆
{
min{rank(X∆), N + 1}
}
. (10)
Let us consider the worst case scenario, where X and X˜ are
different by one symbol, i.e. x − x˜ = [x1 − x˜1, 0, · · · , 0]T .
It is not hard to see that the only non-zero element in X∆ is
x1−x˜1. Thus the rank of the difference matrix rank(X∆) = 2,
which is less than N + 1, for N ≥ 2.
3) Non-optimal Case: We assume above that all the DF
relays are not outage and able to forward the encoded signal
to the destination. In practice, DF relays may not be always
perfectly decoding the received signal. Since the outage DF
relays will not forward the signal to the d, the maximum rank
of F and T is less than N + 1. K is the number of DF relays
that are not outage, the maximum rank of the sequential-SADF
protocol can be expressed as
dˆK ≤ rank
(
Λ†KΛK
)
≤ NA +K + 1,
where ΛK denote the (M + 1)× (N + 1) diagonal matrix.
IV. PRECODER DESIGN
From the PEP analysis of the sequential-SADF, we found
that the achievable diversity order of the protocol is not more
than two, for any given number of relay terminals. Thus it is
necessary to implement a precoder for the protocol to improve
the achievable diversity order. Let us consider a precoding
matrix U to disperse the symbols in the transmitted signal
matrix X, the equivalent received channel model in (2) can
then be rewritten as
y =
√
SNRHUx + n
=
√
SNRCh + n (11)
where the precoding matrix U has the power constraint of
E{UU†} ≤ 1. C is the transmitted precoded signal matrix.
The precoded signal c = [c1, · · · , cM ]T can be expressed as
ci =
M∑
m=1
Ui,mxm, for i = 1, · · · ,M (12)
where Ui,m denotes i-th row and m-th column of the matrix
U.
In [7], the authors proposed a precoder for the two path
relaying using a M ×M matrix, U ∈ Vp, where Vp denote a
set of M×M complex unitary matrix that satisfy the condition
of
min
C∆
{
rank
(
T†F†C†∆C∆FT
)}
= N + 1.
C∆ = C − C˜ denote the difference between two possible
codeword for the transmitted precoded signal matrix. The
precoder design achieves the maximum achievable diversity
order of N +1 for the N -relay (M +1)-slot sequential-SADF
protocol. However, from the previous section, we found that it
is not necessary to design a full M ×M precoding matrix for
the sequential-SADF protocol, since the maximum achievable
diversity order of the protocol is N + 1. On the other hand,
searching for the M ×M complex unitary matrix that satisfy
the above condition is prohibitive, for sufficiently large number
of M , i,e., M →∞. Thus we propose a simple precoder for
the N -relay (M + 1)-slot sequential-SADF protocol using the
existing precoding matrix.
Fig. 3. Bit Error Rate comparison between the sequential-SADF protocol
with the proposed precoder and without precoder in a two relays network
(N = 2) with BPSK modulation. The total transmission slots is M +1 = 9.
Denote GQ a Q×Q precoding unitary matrix , given P =
M
Q , we propose a M ×M precoding matrix:
U = IP ⊗GQ, (13)
where ⊗ denote the Kronecker product and IP denotes the
P × P identity matrix. Note that GQ can be any Q × Q
precoding matrix proposed in [10], [11] or the generator matrix
of the perfect space-time block codes proposed in [14]. Due
to the structure of the proposed precoder, the precoded signal
in (12) can be rewritten as
cp+i =
Q∑
m=1
Up+i,mxm, for i = 1, · · · , Q, (14)
where p denotes a set of integers with the limits of p =
0, · · · , P−1. Note that from the above equation, it is essential
to choose Q ≥ N+1 such that the proposed precoder disperse
the transmitted signal over N + 1 number of transmission
slots to achieve the maximum achievable diversity order of
d = N + 1.
V. SIMULATION RESULTS
In this section, we present the simulated bit-error rate (BER)
of the sequential-SADF protocol with the proposed precoder
for two relay (N = 2), nine slot (M + 1 = 9) relaying
network. The channels between terminals were modelled as
complex Gaussian random variables with zero means and unit
variance. Without loss of generality, we assume that the relay-
ing network perform the scheduling strategy proposed in [13]
and achieves the partial isolated relay mode. The protocols are
simulated using binary phase shift keying (BPSK) modulation
and decoded with maximum likelihood detection.
Fig. 3 shows the BER performance of the sequential-
SADF protocol with the proposed precoder and compare with
the protocol without precoder. We generated two different
precoding matrix using two different existing precoders. The
“proposed precoder 1” is generated using the 4×4 real unitary
Fig. 4. Bit Error Rate comparison between the sequential-SADF protocol
with the proposed precoder, complex unitary precoder and real rotation
precoder in a two relays network (N = 2) with BPSK modulation. The
total transmission slots is M + 1 = 9.
Kru¨skemper rotation in [15] while the “proposed precoder 2”
is generated using the 4× 4 complex generator matrix of the
perfect space-time codes in [14]. The detail of the proposed
precoding matrix is shown in Appendix B. It can be seen
that the sequential-SADF protocol with the proposed precoders
achieve the diversity of three, while the one without precoder
only achieves a diversity of two.
In Fig. 4, we compare the proposed precoders with the 8×8
two-nonzero element precoder, complex unitary precoder in
[7] and the 8 × 8 cyclotomic unitary real algebraic rotations
from [15]. It can be seen that both of the proposed precoder
has better performance compare to the two-nonzero element
precoder. On the other hand, the proposed precoder 1 has
same BER performance compare to the cyclotomic unitary real
algebraic rotations at high SNR. Note that BER performance
of the complex unitary precoder is better than the proposed
precoder 2 (< 1 dB gain), however the proposed precoder is
easier to generate and is able to work with any number of
transmission slots.
VI. CONCLUSION
In this paper, we review the sequential-SADF protocol with
N number of single-antenna half-duplex relay terminals. We
assume that the protocol deploy the scheduling proposed in [5]
and achieves the practical partial isolated relay model. We first
derive the PEP upper-bound of the N -relay M -slot sequential-
SADF protocol. With the PEP upper-bound of the protocol,
we found that the achievable diversity order of the protocol
with N number of relays is two. To achieve the maximum
achievable diversity order of N + 1, we propose a simple pre-
coder for the protocol using the existing precoding matrix. The
proposed precoder is easy to generate and is able to work with
arbitrary number of transmission slots. Simulation results show
that the proposed precoder achieves the maximum achievable
diversity and has similar BER performance compare to some
of the existing precoders.
G4 =

0.2582− 0.3122i 0.3455− 0.4178i −0.4178 + 0.5051i −0.2136 + 0.2582i
0.2582 + 0.0873i 0.4718 + 0.1596i 0.1596 + 0.054i 0.7633 + 0.2582i
0.2582 + 0.2136i −0.5051− 0.4178i −0.4178− 0.3455i 0.3122 + 0.2582i
0.2582− 0.7633i −0.0540 + 0.1596i 0.1596− 0.4718i −0.0873 + 0.2582i
 . (16)
APPENDIX A
The transmitted signal matrix for the N = 4, M + 1 = 9
sequential-SADF protocol:
X =

x1 0 0 0 0 0 0
x2 x1 0 0 0 0 0
x3 0 x2 0 0 x1 0
x4 0 0 x3 0 0 0
x5 0 0 0 x4 0 x3
x6 x5 0 0 0 0 0
x7 0 x6 0 0 x5 0
x8 0 0 x7 0 0 0
0 0 0 0 x8 0 x7

APPENDIX B
For a two-relay nine-slot relaying network, we choose
Q = 4 and P = 2 such that the precoding matrix achieve
the maximum diversity order of three. The proposed 8 × 8
precoding matrix in (13) can be rewritten as
U = I2 ⊗G4.
We simulate the performance of the proposed precoder with
real and complex precoding matrix. For “proposed precoder
1”, we choose the 4× 4 Kru¨skemper rotation [15] which can
be expressed as
G4 =

−0.3664 −0.7677 0.4231 0.3121
−0.2264 −0.4745 −0.6846 −0.5050
−0.4745 0.2264 −0.5050 0.6846
−0.7677 0.3664 0.3121 −0.4231
 . (15)
For the “proposed precoder 2”, we choose the 4×4 generator
matrix of the perfect space-time block codes [14] which is
shown in (16).
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